Abstract. In this note, we show that quasi-free Hilbert modules R defined over the polydisk algebra satisfying a certain positivity condition, defined via the hereditary functional calculus, admit a unique minimal dilation (actually a co-extension) to the Hardy module over the polydisk. An explicit realization of the dilation space is given along with the isometric embedding of the module R in it. Some consequences of this basic fact are then explored in the case of several natural function algebras.
Introduction
One of the most far-reaching results in operator theory is the fact that all contraction operators have an essentially unique unitary dilation and a closely related co-isometric extension on which the model theory of Sz.-Nagy and Foias [11] is based. This model provides not only a theoretical understanding of the structure of contractions but provides a useful and effective method for calculation.
A key reason this model theory is so incisive is the relatively simple structure of isometries due to von Neumann [12] . In particular, every isometry is the direct sum of a unitary and a unilateral shift operator defined on a vector-valued Hardy space. And, if one makes a modest assumption about the behavior of the powers of the contraction, then the unitary is absent and the co-isometry involved in the model is the backward shift defined on a vector-valued Hardy space on the unit disk.
If one attempts to extend this theory to commuting m-tuples of contractions on a Hilbert space, then one quickly runs into trouble, particularly if m > 2 in which case the example of Parrott [13] shows that a unitary dilation or co-isometric extension need not exist. For the m = 2 case, Ando's Theorem [1] seems to hold hope for a model theory since a pair of commuting contractions is known to have a unitary dilation. However, such dilations are not necessarily unique and, more critically, the structure of the pair of commuting co-isometries is not simple and, in particular, need not be related to the Hardy space on the bidisk.
In this note, we study the question of which commuting pairs (and m-tuples) of contractions have a co-isometric extension to backward shifts on the Hardy space for the bidisk (or polydisk). We don't take up the question in this level of generality but assume that the commuting contractions are defined on a reproducing kernel Hilbert space.
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or a module extension of it. In particular, what we seek to determine is which Hilbert modules can be obtained as a module tensor product of the Hardy modules over the polydisk algebra. Our results hold not just for the case m = 2 but for all m. Of course, the conditions we impose are more restrictive than simply assuming that the coordinate multipliers are contractive. The main problem is to characterize those Hilbert modules which can be realized as a quotient. Our characterization involves the kernel function. What we provide in this paper is an explicit construction of the dilation space using module tensor product as the main tool.
Our main result relates the existence if a Hardy space dilation to the positivity of the kernel function into which the operators are substituted as well as a factorization criteria for the kernel function itself. The equivalence of the first two conditions was established earlier by Athavale [1] . However, our proof is quite different. A key step in our approach involves the hereditary functional calculus of Agler [4] which has been an effective tool in constructing analytic models.
We begin by recalling the notion of a quasi-free Hilbert module which is a contractive reproducing kernel Hilbert space. Our main result is Corollary 1 which determines when a large class of contractive quasi-free Hilbert modules over the polydisk algebra A(D m ) admits a dilation to the Hardy module H 2 (D m ) for any m ≥ 1. We provide an example showing that a contractive quasi-free Hilbert module over the bidisk algebra A(D 2 ) need not admit a dilation to the Hardy module H 2 (D 2 ). In the last section, we consider the existence of unitary dilations for a class of Hilbert modules over the ball algebra.
The authors thank Scott McCollough for his comments and suggestions on an earlier draft of this paper.
Module tensor product
Module tensor product was discussed in [10] and its relation to operator dilation was illustrated there. We recall the basic facts here but before that we offer the definition of a quasi-free Hilbert module.
Let Ω ⊆ C m be a bounded connected open set. Fix an inner product on the algebra A(Ω), the completion in the supremum norm on Ω of the functions holomorphic on a neighborhood of the closure of Ω. The completion of A(Ω) with respect to this inner product is a Hilbert space which we call M. It is natural to assume that the module action A(Ω) × A(Ω) → A(Ω) extends continuously to A(Ω) × M → M. Thus a Hilbert module M over A(Ω) is a Hilbert space with a multiplication A(Ω) × M → M making M into a unital module over A(Ω) and such that multiplication is continuous. Every cyclic or singly-generated bounded Hilbert module over A(Ω) is obtained as a Hilbert space completion of A(Ω). Using the closed graph theorem one can show the existence of a constant α such that
One says that M is a contractive Hilbert module if α = 1. We assume that the module M is quasi-free (cf. [8] ). In particular, the point evaluation z → h(z), h ∈ M and z ∈ Ω is locally uniformly bounded. As pointed out in [8] , using the identification of M with the completion of A(Ω), M can be realized as a space of holomorphic functions on Ω which forms a kernel Hilbert space. In other words, M admits a reproducing kernel K : Ω × Ω → C which is holomorphic in the first variable and anti-holomorphic in the second. It also has the reproducing property:
In some instances, such as the Drury-Arveson space, this definition does not apply. In such cases we impose the module action on
Classical examples of contractive quasi-free Hilbert modules are:
(i) the Hardy module H 2 (D m ) (over the polydisc algebra A(D m )) which is the closure of the polynomials, C[z], in L 2 (∂D m ) and (ii) the Bergman module, L 2 a (Ω) (over the algebra A(Ω)) which is the closure of A(Ω) in L 2 (Ω) with volume measure on Ω.
We now consider the module tensor product. Let M and N be Hilbert modules over the function algebra A(Ω) (or C[z]). Assume that M and N are Hilbert spaces of holomorphic functions on Ω and that they possess reproducing kernels K M and K N , respectively.
The tensor product M ⊗ N is a Hilbert module over the algebra
) with the module action is given by the map:
It is natural to identify the Hilbert space M ⊗ N as well as the algebra
as holomorphic functions on Ω × Ω. The module action is then the usual pointwise multiplication of complex-valued functions.
There are two actions of A(Ω) (or C[z]) on M ⊗ N , a left action defined using the module action on M and a right action using the one on N . These actions coincide for the module tensor product as follows.
Let P be the closed subspace of the Hilbert space M ⊗ N generated by the vectors
Note that P is a submodule for both the left and right module actions on M ⊗ N . On the Hilbert space M ⊗ N /P = (M ⊗ N ) ⊖ P, there is just one natural action of the algebra A(Ω). The module tensor product M ⊗ A(Ω) N is defined to be the Hilbert module (M ⊗ N ) ⊖ P over the algebra A(Ω) (or C[z]).
Let △ ⊆ Ω × Ω be the diagonal subset {(z, z) : z ∈ Ω} of Ω × Ω. Let S be the maximal submodule S of functions in M ⊗ N which vanish on △. Thus
is a short exact sequence, where Q = (M ⊗ N )/S, X is the inclusion map and Y is the natural quotient map. One can appeal to an extension of an earlier result of Aronszajn [2] to analyze the quotient module Q when the given module is a reproducing kernel Hilbert space.
Let H be the Hilbert module M ⊗ N over the algebra A(Ω) ⊗ A(Ω), where both M and N are reproducing kernel Hilbert spaces over Ω. The reproducing kernel of H is then the point-wise product
Proposition 1 (Aronszajn). The module H res is a kernel Hilbert module over △. Its kernel function, K res △ , is the restriction to △ in both sets of variables of the original kernel function K for the Hilbert module H. The quotient module Q corresponding to the submodule in H of functions vanishing on △ is isometrically isomorphic to H res .
It therefore follows that the quotient module Q is isomorphic to the module tensor product
We summarize this discussion in the following Proposition. Proposition 2. Let K be a positive definite kernel defined on a domain Ω in C m . Let M be a Hilbert module over the algebra A(Ω) and K M be its reproducing kernel. Suppose K M is the point-wise product of two positive definite kernels K 1 and K 2 on Ω × Ω. Assume that the algebra A(Ω) acts on one of the corresponding Hilbert spaces, say M 1 , continuously. Then the compression of the natural action of
In [7] this result was applied to the quotient
, restricting the kernel function to w − z = 0 and using the (u, v) coordinates, that is, (u =
Since this is the kernel function for the Bergman space L 2 a (D); the quotient module in this case is isometrically isomorphic to the Bergman module. Thus we obtain a co-isometric extension of the Bergman shift. (Note that this extension agrees with the one obtained in the Sz.-Nagy -Foias model.) Thus the extension of Aronszajn's result enables one to obtain the kernel function for the quotient module and from it, one can construct the Hilbert space itself.
One knows from the model theory, developed by Sz.-Nagy and Foias [11] , that if N is a contractive module over the disk algebra A(D), then under the assumption that M * n z → 0 in the strong operator topology, where M z is the module multiplication by z, it may be realized as the quotient of the Hardy module
That is, in this case one has the short exact sequence
where X is the multiplication operator M θ . Also, in this case, the inner function θ, which is the characteristic operator function, determines the quotient module N up to unitary equivalence (cf. [11] ).
Reproducing kernels
Let L(F) be the Banach algebra of all bounded linear transformations on the Hilbert space F of dimension n for some n ∈ N. We want to recall the notion of a L(F)-valued kernel function.
is said to be a non negative definite (nnd) kernel on Ω. Given such an nnd kernel K on Ω, it is easy to construct a Hilbert space H of functions on Ω taking values in F with the property that
The Hilbert space H is simply the completion of the linear span H 0 of all functions of the form K(·, w)ζ, w ∈ Ω, ζ ∈ F. The inner product between two of the functions in H 0 is defined by
which is then extended to the linear span H 0 . This ensures the reproducing property (2.2) of K on H 0 .
Remark 1. We point out that although the kernel K is required merely to be nnd, the equation Conversely, let H be any Hilbert space of holomorphic functions on Ω taking values in F. Let e w : H → F be the evaluation functional defined by e w (f ) = f (w), w ∈ Ω, f ∈ H. If e w is bounded for each w ∈ Ω, then it admits a bounded adjoint e * w : F → H such that e w f, ζ = f, e * w ζ for all f ∈ H and ζ ∈ F. A function f in H is then orthogonal to e * w (H) for all w ∈ Ω if and only if f = 0. Thus the functions f = p i=1 e * w (i) (ζ i ) with w (1) , . . . , w (p) ∈ Ω, ζ 1 , . . . , ζ p ∈ F, and p > 0, form a dense linear subset in H. Therefore, we have
Since f 2 > 0, it follows that the kernel K(z, w) = e z e * w is non-negative definite as in (2.1). It is clear that K(·, w)ζ ∈ H for each w ∈ Ω and ζ ∈ F, and that it has the reproducing property (2.2).
Remark 2. If we assume that the evaluation function e w is surjective, then the adjoint e * w is injective and it follows that K(w, w)ζ, ζ > 0 for all non-zero vectors ζ ∈ F.
For 1 ≤ i ≤ m, suppose that the operators M i : H → H defined by M i f (w) = w i f (w) for f ∈ H and w ∈ Ω, are bounded. Then it is easy to verify that for each fixed w ∈ Ω, and 1 ≤ i ≤ m,
One may impose conditions on a kernel function K : Ω×Ω → L(F) to ensure the boundedness of each of the multiplication operators M 1 , . . . , M m on the associated reproducing kernel Hilbert space. Let {ε 1 , . . . , ε n } be an orthonormal basis for F. Let H 0 be the linear span of these vectors which are {K(·, w)ε 1 , . . . , K(·, w)ε n : w = (w 1 , . . . , w m ) ∈ Ω}. Clearly, the linear subspace H • ⊆ H is dense in the Hilbert space H. Define a map T ℓ , 1 ≤ ℓ ≤ m, by the formula T ℓ K(·, w)ε j =w ℓ K(·, w)ε j for 1 ≤ j ≤ n, and w ∈ Ω. The following well known Lemma gives a criterion for boundedness of the coordinate operators T ℓ , 1 ≤ ℓ ≤ m. We include a proof for completeness.
for x 1 , . . . , x k ∈ F and w (1) , . . . , w (k) ∈ Ω. If the map T ℓ is bounded, then it is the adjoint of the multiplication operator M ℓ :
Proof. The proof in the forward direction amounts to a verification of the positivity condition in the Lemma. To verify this, fix ℓ, 1 ≤ ℓ ≤ m, and note that if T ℓ is bounded on H 0 , then we must have
for some positive constant c, and all possible vectors x 1 , . . . , x k ∈ F, w 1 , . . . , w k ∈ Ω. However, combining the last two lines, we obtain the positivity condition of the Lemma. On the other hand, if the positivity condition is satisfied, the preceding calculation shows that T ℓ , 1 ≤ ℓ ≤ m, is bounded on H 0 ⊆ H. Therefore, it defines a bounded linear operator on all of H with
Recall that if multiplication M ℓ by the co-ordinate function z ℓ is bounded, then K(·, w)x is an eigenvector with eigenvaluew l for the adjoint M * ℓ on H. This proves the last statement of the Lemma.
We abbreviate the positive definiteness condition of Lemma 1, namely, w) is a non-negative definite kernel. Therefore, we conclude the following. 
where z 1 = z = z 2 ∈ D m and w 1 = w = w 2 ∈ D m . Therefore we have proved the following result. We note that the dependence of V w on w must be anti-holomorphic. Now, we see that
If we define V (z, w) := V w , V z , then the function V is holomorphic in the first variable and anti-holomorphic in the second one. Moreover, by definition, V is positive definite. Therefore, we have shown that any quasi-free Hilbert module M can be realized as a quotient of the Hardy module, if there exists a factorization of the form:
The factorization of the reproducing kernel K for M implies, as pointed out above, that
This shows that the Hilbert module M over A(D m ) admits a dilation to H 2 V (D m ) for some Hilbert space V. We summarize these results as follows. (D m ). To establish this, one observe that the kernel function factors that define V andṼ must be equal.
Another method of defining the isometry Y : H → H 2 V (D m ) which yields the co-isometric extension of H is to define
That Y is well defined and isometric follows from the relation of kernel functions. By uniqueness, then these two constructions of the dilation must coincide.
Resolution technique
Let M be a quasi-free Hilbert module of finite multiplicity m over A(D 2 ) such that M is module isomorphic to H 2 V (D 2 )/S for some submodule S of H 2 V (D 2 ). Recall that the evaluation operator e w : M → l 2 m is defined by e w (f ) = f (w) for f in M and w in D 2 . Then the kernel function K of M is given by
By the given assumption, we have the exact sequence of modules
where the second map is the inclusion i and the third map is the projection π. For each w in
Therefore, localizing at w we obtain the following diagram
which is commutative with exact rows for all w in D 2 . Here N, P, Q are the natural projections or quotient module maps. If we identify M/I w M with F and H 2 V (D 2 )/I w H 2 V (D 2 ) with F ⊗ V, then the kernel functions of M and H 2 V (D 2 ) are given by Q z Q * w and P z P * w , respectively. Moreover, since Q w π = π w P w for all w in D 2 , we have that Q z ππ * Q w = π z P z P * w π * w . Using the fact that ππ * = I and P z P * w We note that the operator positivity assumption in the above theorem includes implicitly the additional hypothesis that one can define a functional calculus so that k −1 (M, M * ) makes sense for such a kernel function k. It was pointed out in the paper by Arazy and Englis [3] that for many reproducing kernel Hilbert spaces, one can define a 1 k -calculus. Thus our result is true to that extent. We provide some examples to which these results apply in Section 6.
Remark 3. Applying the same argument as for the theorem, to the left hand square of the diagram yields the following relation between the kernel functions for S and H 2 V (D 2 ): N z N * w = i z P z P S P * w i w , where P S is the projection onto S ⊆ H 2 V (D 2 ). Thus the kernel function for S is related to that of the Hardy module but because P S does not commute with these terms, the relationship is more complicated.
Remark 4. Using the relation N z N * w = i z P z P S P * w i z , we can compare formulas for the kernel functions, where S consists of functions vanishing on a hypersurface (cf. [9] ). We hope to return to such applications at a later time.
An example
We construct an example of a concrete quasi-free module over the algebra A(D 2 ) that illustrate some of the subtlety in dilating to the Hardy module H 2 (D 2 ). Consider the submodule
The module multiplication on S is given by the natural action of the algebra A(D 2 ) as follows:
The vector 1 ⊕ 1 generates S and the submodule S is quasi-free of rank 1. Let T be a joint (M * z 1 , M * z 2 )-invariant subspace of the Hardy module H 2 (D 2 ). The module action is induced by the two operators (P T M z 1 | T , P T M z 2 | T ). Suppose S is unitarily equivalent to the module T . With respect to the orthogonal decomposition H 2 (D 2 ) = T ⊕ T ⊥ , we have that
and hence, A * 1 A 1 = 0 or, equivalently, A 1 = 0. Similarly, A 2 = 0. Consequently, T is a joint (M z 1 , M z 2 )-reducing subspace of H 2 (D 2 ) which is a contradiction (as none of the reducing subspaces,
are unitarily equivalent to S). Note that M z 1 and M z 2 are isometries. Hence, so are T 1 and T 2 . Therefore, we have proved the following.
Proposition 3. The Hilbert module S can not have any resolution
with X a co-isometric module map.
There is a useful alternative description of the Hilbert module S discussed above. First, we observe that the linear subspace {f (z, z) : f ∈ H 2 (D 2 )} ⊆ O(△), the space of holomorphic functions on △, is not isomorphic to the Hardy module H 2 (D) but rather to the Bergman module L 2 a (D). Let H 1/2 (D 2 ) be the Hilbert space of holomorphic functions on the bi-disc D 2 determined by the positive definite kernel
We recall that the restriction map res :
defined by the formula f → f |res △ is a co-isometry. The orthocompliment Q of the kernel of this map in H 1/2 (D 2 ), considered as a quotient module, is therefore isometrically isomorphic to the Hardy module H 2 (D). Let K Q denote the reproducing kernel for the module Q. Then K Q (z, w) = K H 1/2 (D 2 ) (z, w) − (z 1 − z 2 ) · χ(z, w) · (w 1 − w 2 ), for some positive definite kernel χ on the bi-disk D 2 . By a result of Aronszajn [2] , the kernel function for S is given by
This fact requires an identification of the space associated with the sum of two kernel functions and the space S constructed above. Now let us consider the question of whether S possesses a H 2 V (D 2 )-dilation for some Hilbert space V. By Corollary 1, this is equivalent to the positive definiteness of H(z, w) = (1 − z 1w1 )(1 − z 2w2 )K S (z, w).
However, to show that this is not the case, it is enough to show that the restriction of H(z, w) to the diagonal △ is not positive definite. But which is not positive definite. Therefore, S is a contractive quasi-free Hilbert module over the bi-disk algebra but the kernel function K S does not admit the Szego kernel as a factor. Thus it follows that the module S does not possess a H 2 (D 2 ) co-isometric extension.
Other Kernel functions in Several Variables
The kernel function for the Bergman module, L 2 a (D), is B 1 (z, w) = (1 − zw) −2 . Therefore, the kernel function for L 2 a (D m ) is the product B m (z, w) = Π
Applying Theorem 3 we obtain the following result D m K ≥ 0. Hence, if H has a Bergman space dilation, it also has a Hardy space one, a result which could be proved directly.
Further, note that one could state similar results for weighted Bergman spaces on D m . We omit the details.
We now consider examples on the unit ball. Let B m := {z ∈ C m : |z 1 | 2 + · · · + |z m | 2 < 1} be the Euclidean unit ball and K be a positive definite kernel on B m . Let T ℓ , 1 ≤ ℓ ≤ m, be the operator defined on the normed linear space H 0 = {K(·, w) : w ∈ B m } by the formula T ℓ K(·, w) =w ℓ K(·, w). The following extension of Lemma 1 gives a criterion for the contractivity of the operator m ℓ=1 T * ℓ T ℓ ≤ I.
